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Let L,(f, x)(fe€ C[0, o)) be a Bernstein-type approximation operator as defined
and studied by Bleimann, Butzer, and Hahn. Probabilistic arguments are used to
simplify and sharpen some of their results. The rates of convergence are given in
terms of the first and second moduli of continuity. Moreover, an appropriate limit
of L, is shown to be the well-known Szasz operator.  © 1988 Academic Press, Inc.

1. INTRODUCTION

Let C[0, c0) be the space of continuous functions on the unbounded
interval [0, «0), and let fe C[0, oo0). Bleimann, Butzer, and Hahn [1]
introduced a Bernstein-type approximation operator defined by

L(f,x)=(1+x)"" Zf(n I;H)(Z)x", neN. (1)

They proved that L, (f, x)—>f(x) (as n— ) for each xe[0, «0), and
found a rate of convergence by estimating |L,(f, x) —f(x)| in terms of the
second modulus of continuity of fe Cg[0, o0). Here Cg[0, o) is the space
of bounded and uniformly continuous functions on [0, cv). The object of
this note is to exploit probabilistic arguments to simplify and sharpen some
of their results. The rates of convergence are given in terms of the first
and second moduli of continuity. We show that |L,(f, x)—f(x)|<
3w(f, o/ x(1 + x)¥/n), where w(f, &) is the first modulus of continuity of f.
An improved version of Theorem 2 of [1] is given by showing that

L0 =1 <2 [, (1 D) XA2 ],
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where w,(f, ) is the second modulus of continuity of fe C,[0, o), and
[/l =sup,cro, ) I.f(x)|. Moreover, it is shown that an appropriate limit of
L, is the famous Szasz operator.

2. THE RATES OF CONVERGENCE

Let y,,y,,.. be independent and identically distributed random
variables such that P(y,=1)=p, P(y,=0)=¢q, where p=x/(1 + x) and
g=1/(1+x), xe[0,00). To avoid trivialitiess let x>0. Clearly,
S,=y;+ --- +y, follows a binomial distribution b(n, p) with parameters »n
and p, and

P(S"=k)=<2)pkqn—k’ k=0a 15 2, ey e (2)

Set X,=S,/@n-S,+1), n=12,., and note from (1) that
L.(f,x)=Ef(X,), where E denotes the expectation operator. Since
X, — p/q=x in probability as n — oo, then L,(f, x) »f(x) (as n - o0) by
the law of large numbers if fe C[0, o) (cf. Khan [5]). To obtain sharper
results we will first compute EX, and EX? and estimate e,(x) = E(X, — x)*.
It is rather trivial to show that

EX,=x—xp"—>x as n-— 0. 3)

From (2) and the definition of X,, it follows that

k2

EX,= Z —k+1)

P(S,=k)

k n! —k
= e e

"i' (j+1) n!

+1 n ji—1
j=o (m=1)j! (n 1)'p]

n—1 n!pi+1qn—j—l n—1 n!p”lq"’j‘l
C S (=G = D) —))! ,;o(n—-j)j!(n—j)!

Pl g
n A —DU=Dn—p! & )i n—)!
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Letting k =j— 1 and recalling that p=1—¢g=x/(1 + x) one finds that

k+2gn—k=2 n—k n—k
EX.= (1+ T h ( ) [n—-k~1+(k+1)(n—k—1)]

_ X "M\ hia wkoa (M—k)k+2)
‘n(1+x)"+k§0(k>” 1 n—k—D)k+1)

Since

(—k)k+2) (n+1)
n—k—Dk+D)  TETDE—k=1)’

then

n—2 (n+1)!pk+2qn—k—2
k+2 n k-2
EX, = n(1+x)" Z ( ) L kA DR n—k=1)

- * (M k2 m—k—2_ mt2,-2_ . n+l -1
n(1+x)n+k§0(k)p q p"tgT—np"tlg

n—2 (n+1)!pk+2qn—k—2
,Eo k+Dlin—k)(n—k—1)

=-—x_—- ) s -x_ n_ x n
T LA (1+x> "x(1+x> +R (4)

where

=n22 (n+l)!pk+2qn—k—2
k+D(n—k)l(n—k—1)

k=0

Now we will analyze the term R. Setting k + 1 =j we have

(n+1)'p/+l n—j—1 n— 1<n+1> pi+1qn—j—1
R R
,ZIJ'("—HI)'(n AN\ (n—J)

Since (n—j) '=(n—j+2) "1 +2/(n—j)<3/(n—j+2), 1<j<n—1
(n=2), we have

n+1 Pj+lqn—j 1 3p <n+1> qun+l—,j
R<3 —<S —
s ,Zl( j )(n <7 i\ Jag
LIx(1+x)E((n+1-Y)+ 1)~ 1=3x(1+x)E(§+1)—l
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where Y has binomial distribution b(n+1,p), and E=n+1-Y is

b(n+1, g), g=1—p. Hence a result of Chao and Strawderman [2, p. 430]
gives

R3x(1+x)(1=p* )/ (n+2) g<3x(1 + x)*/(n+2). (5

Letting e,(x) = E(X, — x)? it follows from (3), (4), and (5) that

X of X\ x \
e"(x)”n(1+x)"+x (1+x> nx(1+x> +R

L X +x2< x n—nx( x "_*_3)c(1+x)2

“a(l+x)" 1+ x L+x n+2

Since (x/(1 + x))" < (1+ x)/n, we have

x2(1 +x) 3x(1 +x)2<4x(1 + x)?

n()< + <
n n n

(6)

Let C}[0, o) be the space of continuous bounded functions on [0, o).
Obviously CE[0, o) is a larger space than Cg[0, o) of Section 1. In order
to establish our first result let feC§[0,00) and set w(f, 6)=
sup{1f(x)—f(¥)|: |x—y| <9, x, ye [0, )}, 6 > 0. The following theorem
gives the rate of convergence in terms of the first modulus of continuity

w(f, 8).

THEOREM 1. Let L,(f, x) be defined by (1) and fe C}[0, ). Then
IL,(f, x) —f(x)| < 30(f, /x(1 + x)*/n),  n>1 (7)

Proof. Let 6>0and A=[|X,—x|/0], [a] denotes the greatest integer
<a. Clearly, |f(X,)—f(x)| <(1+ 1) o(f, d), and

|La(f, x)—f ()l = |Ef (X,) = f(x)| S w(f, 6)(1 + EZ).
The inequality EA <. /EA? <. /e,(x)/8% combined with (6) gives

IL(f; 0) —f(x)| S (£, 6) (1 +£1616J_>;£) |
and (7) follows on taking é = (1 + x) \/)_c/—n

Theorem 1 can be strengthened by using the second modulus of con-
tinuity (cf. [1]). Let {§ll =sup,co,0) |4(x)l, where e C5[0, o). With
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Af=f(x+2t)=2f (x + ) +f(x) (fe Cx[0, )) define the second modulus
of continuity by

w,(f, 8)= _sltllgélldzfll, 5>0.

Letting £ = X, — x we obtain from (3) that
|Eh| < x(x/(1 4+ x))" < x(1 + x)/n. (8)

An improved version of a result due to Bleimann, Butzer, and Hahn is
given below by dropping the unpleasant condition n> N(x)=24(1 + x) in
Theorem 2 of [1]. To this end we need the following elementary resuit.

Let ge C5[0, o0) be such that g’ and g”" € Cx[0, 0). With A=X, — x we
note that

h h
g(X)—g(x)=[ g(c+ ) di=hg'(x+h)— | rg"(x+0)d.
0 0
Taking expectation and using (6) and (8) it is easy to see that

1
IL.(8 x)—g(x)| < |ER| |1 ¢l + 5 ER |ig"|

x(1+x) 2x(1+ )?

/
\

lg"ll.

Hence we have

2x(1 + x)?

|L.(& x)—g(x)| < (g’ +1lg"1)- ©)

Using (9) in the proof of Theorem 2 of [1] we obtain the following
stronger version.

THEOREM 2. Let fe Cgx[0, ), xe [0, ). Then for n=1,2, ..,

L0 -f <2 o (1 D) 20Dy,

where C is a constant.

Remark. Totik [6] proves a saturation class theorem giving a
necessary and sufficient condition for sup,.o|L,(f, x)—f(x)| =0(n"").
However, this saturation property (dependent on f’ and f”) is, by no
means, an improvement of Theorem 2.
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3. A LIMITING PROPERTY OF L,

Let fe Cp[0, o). Define the Szasz operator by

&4ﬁx>=e””£§/(f)(ﬁjf,

m

x 20, (10)

where m is a fixed positive integer. That S,,(/, x) is an appropriate limit of
L, is an interesting consequence. The following lemma is needed to prove
this limiting property.

LEMMA. Let py(mn, x)= ("")x/n)*(1 + x/n)~™, k=0,1, .., mn, and
a(mx) = exp(—mx)(mx)*/k!, k=0,1,2, ... Then

(i) ax(mx) exp(—k(k — 1)/(mn—k + 1)) < p;(mn, x) < o, (mx) exp(mx?/
(n+x)),

(i) Y |pilmn, x)— o, (mx)| -0 as n-— oo,
k=0

(ili) max |p.(mn, x)—o,(mx)] >0as n— oo
Ok mn

Proof. Since e '21—1 (0<t<1), it follows that

mn\/ x \* x \™ % (mx)* x \™
pk(mn,x)=(k)(n+x) <1—n+x> < k! <l—n+x>

< a,{mx) exp(mx?/(n + x)).

Since (1 — )z exp(— /(1 —B)) (0< < 1), it follows that

)= ] (1)1 )

it mn n+x

k _ k mn
>(mx) 1_k 1) (1_ x )
k! mn n+x

= oy (mx) exp(—k(k —1)/(mn—k + 1)),

and (i) is proved. To prove (ii) let wu,=p.(mn, x)—a,(mx), and
&, = ay(mx)(exp(mx?/(n+x)) = 1), 1, = (mx)(1 —exp(—k(k —1)/(mn—
k+1))). Since —n, <u, <& from (i), and |u, | <&+ 1y, we have

mrn

Y <Y &+ Y o (11

k=0
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It is obvious that
Y Ee<(expimx/(n+x))—1)=0 as n- o, (12)
k=0

Since exp(—v) =1 —min(l, v) (v =0), it follows that

mn

Z <y ka(mx)min<l, E’il(—kll)—>

o —k+1

[Vmn+1]
< Y almx) (k+l+P(W>,/mn+)
k=2

where W is a Poisson random variable with mean mx. It is easy to verify
that

mn (mx)?
< +P(W>./mn+1)-0 as n-oo. (13)
kgonk (mn+1—\/mn+1)

Hence (ii) follows from (11), (12), and (13), and (ii) implies (iii).

THEOREM 3. Let L, and S,, be respectively defined by (1) and (10) for
fe Cy[0, o0). Then for each x € [0, o0) and for a fixed integer m,

L, (f( ”x)x> S.(f,x) as n- oo (14)

1+

Proof. From (1) and (10) we have

nx
Lo <f<1 + x) > kgof(mn + 1> pilmn, x)=a,(m, x),

and

sm(ﬁx)=km§"0f(")ak<mx>+ > 15t

k=mn+1

=Q,(m, x)+ R,(m, x).

Thus

Lun( £ (£):2) - Sutsi0)

640/53/3-5

<lo,(m, x)— Q,(m, x)| + |R,(m, x)|. (15)
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Since f'is bounded, we have

Rom x| <M Y a(mx) =0

ag n-—» . {16)
k=mn+1

Moreover,

.,(m, x) — Q,(m, x)| =

$ (o niom

- ’i::f( )“k(mx)

<X s
(mn-l— 1)'f(5>

M Y |p(mn, x)~— o, (mx)|
k=0

1) ~1(5)

Since f is uniformly continuous on [0, o), it is easy to show that given
&> 0 there exists an integer N, such that for n> N,,

f(m:’il)'f@)

Thus for n > N, we have

| Pilmn, x) — oy (mx)|

mgn

o

a,(mx)

mn

+ 2
k=0

o (mx).

mn

))

k=0

o (mx) <e.

(6,0, %) — O, X) <M S |pelmn, x)— og(mx)] +e
k=0

Hence by the preceding lemma we obtain

la,(m, x)—Q,(m, x)| =0 as n- o,

(17)
and (14) follows from (15), (16), and (17).
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